A numerical and analytical model for prediction of serviceability limit states of flexural reinforced concrete members is outlined. The considered beam elements are investigated under short-term and long-term bending load. The numerical and analytical model is validated using existing experimental data. Both analyses provide reliable estimation of in-service deflections. A multi-directional fixed crack model is included in the numerical model to account for the non-linear post-cracking behaviour of concrete. For long-term analysis, time-dependent effects of concrete, creep and shrinkage are employed in both models through viscoelastic concrete behaviour. 
Introduction
In structural design of some deflection sensitive elements (such as beams and slabs), deflection and crack control at service load levels are usually major considerations, which is why accurate modelling of concrete stiffness after cracking is required. Numerous cases have been reported of structures that were in compliance with ultimate limit states requirements, but were nevertheless affected by excessive deflection or cracking. In many of these cases, failure to adequately account for creep and shrinkage at the design stage was found to be the main reason for such deficiencies [1] . In order to meet serviceability requirements, a concrete structure must perform its intended function throughout its working life [1] . Therefore, three most common serviceability limit states, namely, cracking, deflections and stress level in concrete and reinforcement must be controlled. In this paper, the main focus is set on numerical and analytical analysis of time variation of stresses and strains, mid-span deflections, and crack pattern in RC bending elements under sustained load. The authors present a comparison of numerical and analytic results with existing experimental data on various beams under short-term and different levels of sustained load. A reliable calculation of serviceability limit states of reinforced concrete elements is very often not straightforward. In fact, it is almost always burdened by difficulties with regard to estimation of non-linear behaviour of concrete under sustained service load. Some of the most significant aspects that make this calculation complex include: random distribution of concrete tensile strength along elements, effect of creep and shrinkage, time variation of tension stiffening, and variation of elasticity modulus of concrete over time [2] . Some of these parameters cannot be considered by means of the existing analytical procedure proposed in codes, and so the application of numerical models becomes essential. The necessity of applying a numerical model for the prediction of serviceability limit states additionally arises from the inherently random cracking process, which complicates prediction of deflections. An accurate prediction of deflection is largely affected by the location and spacing of cracks, which are analytically unpredictable due to random factors that control their spreading [3] . For example, the results of crack calculation procedures proposed in Eurocode 2 [4] and Model Code 2010 [5] are only the maximum crack width w m and the maximum crack space s m , which are sufficient for assessing the durability state, but do not ensure accurate determination of deflection of sensitive structural elements. In addition, visual impression of the crack pattern and response of a member can only be obtained by numerical analysis using the FE software. Therefore, a numerical model for predicting serviceability limit states is not only an alternative method in analytical terms but, in many cases, it is actually the only method that can be applied.
Analysed element
In order to predict the time-dependent behaviour of RC beams under different levels of sustained load, a numerical and analytical model was applied on a reference beam made of concrete class C30/37 subjected to four-point bending. These elements were experimentally tested at the Department of Concrete Structures, Faculty of Civil Engineering -Skopje, Republic of Macedonia [6] . A detailed description of the experimental program can be found elsewhere [7] . The geometry, reinforcement, and load scheme, are depicted in Figure 1 , while the experimentally obtained material properties used in further analysis are summarized in Table 1 . Mechanical properties of concrete, namely compressive strength and splitting tensile strength, were obtained at the concrete age of 40 days on cube-shaped control specimens, while the modulus of elasticity was tested at the same concrete age on cylindrical specimens using hydraulic press. Besides concrete mechanical properties, the modulus of elasticity of reinforcement and its yield strength were determined experimentally. The corresponding results are shown in Table 1 . The analysed beam elements of equal geometry differed only in the type of load, as displayed in Figure 1 . According to the type of load, they were generally divided into two groups. The first group consisted of one series of beams "A", in which the beams were investigated under short-term service load (F s = 11.6 kN). The second group consisted of two series of beams "B" and "C". The beams from this group were subjected to long-term load over a one year period. The intensity of permanent load in the beam series "B" (F g = 4 kN) represented 34 % of the service load (F s = 11.6 kN) and was lower than the load which produced the first crack. The intensity of load in the beam series "C" (F g+q/2 = 7.8 kN) amounted to 67 % of the service load and produced cracks immediately after its application. 
Stress in tension and compression reinforcement at the initial time t 0 ,Eq. (3):
Stress and strain in the most compressed concrete fibre at the final time t, Eq. (4) and Eq. (5):
Stress in tension and compression reinforcement at the final time t, Eq. (6) and Eq. (7):
where, according [8] are. As displayed in Figure 2 , the effects of creep and shrinkage affect stresses and strains in concrete and consequently the embedded reinforcement, which is why they should not be neglected. Their influences result in an increase of curvature and drop of neutral axis towards the bottom reinforcement over time ( Figure 2 ).
Instantaneous and time-dependent deflections
The general procedure of computing short-term deflections involves double integration of mean curvature over the element length. The mean curvature must be used, especially in the calculation of cracked elements, due to variation of curvature in a portion between two cracks as a result of bond stress distribution along the bars. The Simpson's rule is applied here for integration of the product of mean curvature k s,m and virtual bending moment along the element length, which directly yields deflection a at the desirable section (Eq. 8)
The deflection of a reinforced concrete flexural member under a sustained load increases with time as a result of three main effects [1] : -time-dependent cracking; -reduction of tension stiffening Δδ over time (Δδ decreases over time); -increase in curvature in each cross-section over time due to creep and shrinkage of concrete.
Beebly & Scott and Gilbert [9] have shown that the tension stiffening effect decreases over time under sustained load, which GRAĐEVINAR 70 (2018) 11, 943-952 Marija Docevska, Toni Arangjelovski, Goran Markovski, Darko Nakov is probably due to the combined effects of tension produced by creep, and shrinkage induced micro-cracking around steel bars. Almost every code explicitly or implicitly considers this longterm tension stiffening effect, but no code puts time scale for the loss of beneficial effects of tension stiffening. In order to obtain an accurate estimation of long-term deflections, this must be properly taken into account [10] . The above described procedure can be employed, with some modifications, for calculating the long-term deflection. The method involves evaluation of mean curvature over the considered time t, as the sum of the initial curvature and the increase in curvature due to time-dependent effects, namely creep and shrinkage. Here, these effects are employed through the so-called reinforcement k s , creep k φ and shrinkage k cs curvature coefficients [12] . The bilinear interpolation method is also used to account for the presence of cracks in concrete, i.e. to account for the tension stiffening effect through the distribution coefficient ζ, as suggested in Eurocode 2 (Eq. 9) ( Figure 3 ). 
where β 1 = 1.0 for deformed bars, and 0.5 for plain bars; β 2 = 1.0 for the single short-term load and 0.5 for the repeated or sustained load; M cr is the moment causing the first crack, and M is the moment under consideration [4] . This procedure is relatively crude because it does not account for the loss of tension-stiffening over time -a concrete phenomenon, which is still not employed in the current code procedures. Even for the most simple cases encountered in engineering practice, it is necessary to double integrate the curvature along the element length in order to obtain a reliable estimation of inservice deflections. Due to the extent and calculation difficulties of this procedure, deflection calculations are performed in almost every practical case according to one of simplified procedures proposed in the current codes. Due to their inherent simplicity, they include crude assumptions of complex concrete effects, such as cracking, tension-stiffening, creep, and shrinkage. In many practical cases, these serviceability provisions inadequately and unconservatively model the inservice behaviour of concrete structures and must, therefore, be used with caution. A commonly used approach for deflection calculation in the codes (ACI, AS3600, etc.), involves a well-known equation for effective stiffness developed by Branson. The tensionstiffening effect in Branson's model is simply employed through an average effective moment of inertia given with the empirical equation ( 
where: M cr -he cracking moment M a -the maximum applied moment I ef -the effective moment of inertia I g -the gross moment of inertia I cr -the moment of inertia of the cracked section, and the power m -the empirically estimated value that can range from 3 to 4 (for lightly reinforced elements, value 4 is recommended).
Instantaneous and long-term deflections of concrete elements can be calculated using equations (11) and (12), respectively, as proposed by many codes:
where: K -the coefficient depending on boundary conditions of the element and type of load M -the maximum service moment E c -the modulus of elasticity of concrete L -the span of the element K r -the empirical coefficient taking into account beneficial effect of compression reinforcement on the creep and shrinkage deformations A'/A -the ratio between compression and tension reinforcement area φ (t, t 0 ) -the creep coefficient a 0 g -the instantaneous deflection caused by permanent load.
The reference beam deflection results obtained with these equations will be presented and discussed in more detail in Section 5.
Numerical model
Numerical analysis for the serviceability limit states of analysed elements was carried out using the FEM software DIANAVersion 9.4.3.
Mathematical models
Two distinct mathematical models were applied in the analysis: a model with beam finite elements (1D analysis) and a model with plane stress elements (2D analysis) (Figure 4 ). In the first mathematical model, beam elements consisting of three nodes (CL9BE) were applied based on the Mindlin-Reissner theory. They represent the elements that are fully numerically integrated over their cross-section and along their axis. For integration of these elements along their axis and over their cross-section, the Gaussian integration scheme and the Simpson's integration were used for two and nine nodes, respectively. In the second mathematical model, a two-dimensional quadrilateral isoparametric plane stress element with eight nodes around the element edges, and one in the middle (CQ18M), was used ( Figure 4) . In both cases, the compression and tension reinforcement was modelled by means of the embedded technique of modelling with special elements. These special elements add stiffness to the elements in which they are embedded, i.e. to the elements known as "mother elements" (in this case, concrete elements) [13] . A physical nonlinear analysis was carried out in Diana 9.4.3 software to account for the post-cracking concrete behaviour. The main source of nonlinear behaviour of concrete is mainly the presence of cracks. A multi-directional fixed crack model was applied to analyse the elements in a cracked state. This model seems to be the most appropriate and favourable cracking model for bending cases. The iterative-incremental procedure, namely the regular Newton-Raphson method, was used for accurate and fast convergence. The optimal load increment was automatically determined in combination with the "Arc-length" control and energy based convergence criteria.
Multi-directional fixed crack model
Since cracks in concrete occur in a very random manner, the smeared crack approach is recommended via the multidirectional fixed crack model. Every smeared crack model is based on the decomposition of total strain into an elastic strain and crack strain (Eq. 13) [14] . The applied multi-directional fixed crack model ranks among the most commonly used and highly favoured smeared crack models. Its additional capability involves modelling a number of cracks that occur simultaneously (Eq.14) [14] . 
where: -the elastic strain -he crack strain -the strain in crack number 1 -the strain in crack number 2 as a result of crack number 1, etc.
The multi-directional fixed crack model in Diana 9.4.3 was defined through three concrete phenomena: tension softening, tension cut-off, and shear retention ( Figure 5 ). The input used in Diana 9.4.3 for defining these three phenomena is specified in Table 2 . Marija Docevska, Toni Arangjelovski, Goran Markovski, Darko Nakov
The tension softening curve was defined through two specific characteristics of cracked concrete: crack bandwidth h and fracture energy of concrete G f . The crack bandwidth in a multidirectional crack model usually coincides with a dimension of a finite element a (here h = a = 50 mm), and represents an area in which a crack will develop [14] . The fracture energy of concrete, defined as energy required for propagation of a crack through a unit area, is calculated herein according to the expression proposed in Model Code 2010 and is influenced by the size of the aggregate d max (Table 3 ) and the mean compression strength of concrete f cm (Eg.15), [5] .
where: G fo -the fracture energy base value dependent on the aggregate size of concrete (Table 3 ) f cmo -the recommended constant value equal to 10 MPa f cm -he mean compression strength of concrete. The time-dependent effects of concrete, creep and shrinkage, were employed in the model through viscoelastic behaviour of concrete. The viscoelastic behaviour of concrete can be analysed in Diana 9.4.3 through the Maxwell rheological chain model, which is defined by the standard creep functions proposed in Model Code 1990 [14] . The creep and shrinkage were applied in time steps on a logarithmic scale for a given period of one year.
Results of analysis
The numerical and analytical results were compared with experimental data. The results of time variation of stresses and strains in concrete and reinforcement, short-term and long-term deflections, and the crack pattern, will be presented schematically.
Stresses and strains
The state of stress in the compressed concrete σ c , tension σ s and compression σ s' reinforcement is presented in Table 4 for the group of beams subjected to sustained load (Series "B" and "C"). It is obvious that the stress in the most compressed concrete fibre reduces over time, while the stress in the compression reinforcement increases rapidly as a result of the required equilibrium of internal forces. At the same time, an insignificant increase of stress can be observed in the tension reinforcement ( Table 4 ). The first row of Table 4 , which presents the experimentally obtained stresses in compressed concrete, remains unfilled because these stresses could not be obtained directly from the measured strains as a result of stress redistribution in concrete section due to the creep and shrinkage effects. However, stresses in the tension and compression reinforcement can be obtained directly from strain measurement. An increase of stress in compression reinforcement over time can be observed in both cases, i.e. for uncracked and cracked beams. In case of the beam series "B" (uncracked elements), the stress in compression reinforcement over time (t = 365 days) exceeds by almost ten times the stress observed immediately after Table 4 . Stress in the most compressed concrete fibre, tension and compression reinforcement at initial (t 0 = 28days) and final time (t = 365days) as obtained experimentally, numerically and analytically application of load. This increase in stress is less pronounced in case of the beam series "C" (cracked elements). According to the experimentally and numerically obtained stress values, it can be observed that, due to the required equilibrium of internal forces, the initially tensile bottom reinforcement becomes compressive over time in the case when the beams remain uncracked. One of the reasons for this could be greater internal resultants in concrete produced by the creep and shrinkage effects, compared to resultants due to the external load itself. This change in the bottom reinforcement can also be observed in Figure 5 showing distribution of strains in beams "B". By contrast, the bottom reinforcement in the beam series "C" remains tensile during the whole analysed period of one year. Figure 5 and Figure 6 present the distribution of strain over cross-section for beam series "B" and "C", respectively. A significant increase in compressive and tensile strain can be observed over time (t = 365 days) in both states, i.e., cracked (Beam "C") and uncracked (Beam "B"), resulting in lowering of the neutral axis towards the bottom reinforcement. A greater lowering of the neutral axis is observed in case of the beam series "B", leading consequently to a larger increase in strain in compressive concrete. For these series of beams, the analytical model (described in 3.1) predicts better the strain in both materials, namely in concrete and reinforcement. A smaller drop of neutral axis can be observed in the beam series "C", which leads to a smaller increase in strain in both materials over time. It can be seen that the instantaneous strain in bottom reinforcement is overestimated in both models, the numerical and the analytical one (Figure 7 , left), but there is a good agreement in both materials with the measured instantaneous strain in the most compressed concrete fibre, as well as with the measured strain at time t = 365 days (Figure 7 , right).
Instantaneous and long-term deflections
A comparison between analytical (based on curvature integration), numerical and experimental load-deflection curves is illustrated in Figure 8 for the beam series "A" subjected to the load attaining service load F s = 11.60 kN. Short-term deflections (23.61 %) after the cracking moment are overestimated in the numerical model with beam finite Marija Docevska, Toni Arangjelovski, Goran Markovski, Darko Nakov elements, and this overestimation increases with an increase in load. The analytical and numerical model with plane stress finite elements slightly overestimates these deflections, but provides a much better agreement with 7.78 % and 5.56 % deviation in terms of the experimental results, respectively.
Figure 8. Comparison of short-term deflections (beam series "A") obtained analytically, numerically, and experimentally
Development of long term deflections over a period of one year is depicted in Figure 9 . The same figure simultaneously presents results for both series of beams (series "B" -uncracked state, and series "C" -cracked state) to show the influence of the magnitude of sustained load on long-term deflections. According to these, it can be observed that the results obtained numerically and analytically are generally in close agreement with actual deflection values obtained experimentally for both beams. Long-term deflections obtained for uncracked elements ("B"), as predicted by analytical (based on curvature integration) and numerical models, are quite similar. The actual deflections over the given period of one year are underestimated by both models. The analytical model exhibits the largest deviation in terms of measured deflections, namely, 26.06 %.
Flexural cracks frequently form over time under sustained service load, and this either between the most widely spaced cracks, or in the previously uncracked regions, thereby increasing the extent of cracking ( Figure 9 and Figure 11 ). This time-dependent cracking causes a time-dependent loss of stiffness and an increase in deflection [1] .
A correlation between time-dependent flexural cracks and deflections is schematically presented in Figure 8 for cracked beams ("C"). An increase in the final deflection can be observed due to the combined effects of creep and shrinkage and consequent formation of additional time-dependent cracks. For the cracked elements ("C"), numerical models estimate a longterm deflection that is in close agreement with actual values. The numerically predicted long-term deflections of beam and plane stress elements deviate from the measured ones by 0.82 % and 3.89 %, respectively. Analytically predicted long-term deflections for cracked elements ("C") based on curvature integration are presented in Figure 8 by means of two black dashed curves. The upper one predicts development of long-term deflections taking into account reduction of element stiffness or, more precisely, reduction of the tension-stiffening effect over time (β = 0.5 in Eg. (9)). The lower curve presents long-term deflections without considering this loss of tension-stiffening due to sustained load (β = 1.0 in Eg. (9)). According to results reported in literature [16] , the initial tension-stiffening value reduces by about 50 % after 50 to 60 days following the first loading. This points to the fact that the long-term deflections under sustained loads should be calculated with two different element stiffness values, since no codes and recommendations account for the time-dependence of the tension-stiffening effect. In this study, the long-term deflections were calculated with the initial effective stiffness until the 60th day following the first loading and, from this point in time, with a reduced stiffness due to reduction in the tensionstiffening effect over time (β = 0.5). In this way, the final longterm deflection obtained with this calculation procedure deviates by 6.35 % from the measured deflection value. Although the cracked element experiences larger final longterm deflections, the creep and shrinkage effects have a greater influence in the case of the uncracked element. This can be demonstrated using the ratio between the final and instantaneous deflection in both cases. The measured final to instantaneous deflection ratio (a 365 /a 28 ) for the beam series "B" (uncracked) amounts to 3.84, while it amounts to 2.54 for the beam series "C" (cracked). This is not unexpected since only the uncracked part of concrete is affected by creep and shrinkage [9] . A summary of deviations of the numerically and analytically calculated short-term and long-term deflections in terms of measured data is given in Table 5 . The results obtained with the simplified code procedure based on Branson's model are Table 5 for comparison purposes.
In Table 5 , a o indicates the short-term instantaneous deflection, while a t is the final long-term deflection after one-year of exposure to different magnitude of sustained load. The time-dependent deflection caused by creep and shrinkage, denoted as Δa t , is equal to the difference between the final long-term and instantaneous deflection. Table 5 shows that each result is within the allowable 30 % range of deviation from the experimentally obtained deflections, except for the results obtained with the simplified analytical procedure proposed in the current codes. The maximum deviation of these results occurs at the final long-term deflection of the uncracked beams "B", and amounts to 35.11 %. It can be noted that better prediction of short-term and long-term deflections is obtained with the power m equal to 3 in Eq. (10). The results given in Table 5 show that each of the applied models overestimates the short-term deflections for the beam series "A", while underestimating in almost every case the long-term deflections for the beams "B" and "C". The effects of creep and shrinkage on the long-term deflection of the analysed beams are illustrated in Figure 10 . The grey curve shows the short-term deflection immediately after application of load. After the considered one year period, this curve shifts horizontally and is inclined to the right as a result of the simultaneous creep and shrinkage action (black curve). The force (F) -deflection (a) relation over time t (black curve) shows that the element exhibits an initial deflection (denoted as a sh Figure 10 ), even in the case of M = 0 kNm, which is due to the effect of shrinkage. Figure 9 also shows a reduction of beneficial tension-stiffening effects over time for loads higher than the cracking load. As the load increases, this reduction becomes more pronounced (Figure 10 ).
Crack pattern
A comparison of the numerically and experimentally obtained crack patterns in beams "C" is presented in this section. There is still no analytical procedure for obtaining crack locations and crack development over the element axis. Figure 10 shows the crack pattern at the initial load application time t 0 (28 days) and at time t (365 days), from which the time-dependent nature of cracking can be observed. Some cracks develop through the element height over time, but new cracks also appear under sustained load, extending the cracking zone towards the element supports (Figure 11 Marija Docevska, Toni Arangjelovski, Goran Markovski, Darko Nakov Unfortunately, Diana 9.4.3 is not able to present the crack widths explicitly. That is why crack widths were not compared in these investigations.
Conclusion
An analytical and numerical model for prediction of SLS of RC flexural members was applied to a reference beam. The results obtained with regard to time variation of stresses and strains, short and long-term deflections, and crack pattern, were compared with the existing experimental data. Based on the results of comparative study presented in this paper, the following conclusions can be drawn: -The analytical and numerical model efficiently takes into account the creep and shrinkage effects as well as the presence of cracking. Numerical models additionally provide a visual impression of the crack pattern and an insight into local behaviour of the element. -The analytically and numerically predicted deflections show a reasonably good agreement with experimental data. A maximum deviation of 8.98 % for short-term and 26.06 % for long-term deflections has been observed from the analytically obtained results. The results obtained with the numerical model with finite beam elements show 23.61 % deviation for short-term deflections and 22.34 % for longterm deflections. By contrast, the results of the numerical model with plane stress finite elements show a better agreement with experimental data, with 8.05 % and 17.55 % for short-term and long-term deflections, respectively. The deviations in both models with regard to experimental data are within the allowable 30 % range [15] .
-The bigger underestimation of the long-term deflections obtained with analytical model is especially due to the crude assumption of the loss of tension-stiffening with time, introduced only by the coefficient β 2 = 0.50 (Eq. (9)). The formation of new time-dependent cracks reduces beneficial effects of tension-stiffening and consequently affects the final value of long-term deflections. These effects should therefore be considered in more detail in order to make a reliable estimation of long-term deflection values.
-For the cases usually encountered in engineering practice, structural designers most often choose simplified code procedures based on Branson's model for prediction of inservice deflections. The results obtained in the scope of this study show that these procedures mostly underestimate actual deflections, pointing to the fact that more refined analytical models based on double integration of curvature can be recommended, even in simplest practical cases.
